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Abstract
Let P be a property of graphs. A graph G is vertex (P; k)-colourable if the vertex set V (G) of G can be partitioned
into k sets V1; V2; : : : ; Vk such that the subgraph G[Vi] of G belongs to P, i=1; 2; : : : ; k. If P is a hereditary property, then
the set of minimal forbidden subgraphs of P is de;ned as follows: F(P)={G: G ∈ P but each proper subgraph H of G
belongs to P}. In this paper we investigate the property On: each component of G has at most n+1 vertices. We construct
minimal forbidden subgraphs for the property (Okn ) “to be (On; k)-colourable”.
We write G v→ (H)k , k¿ 2, if for each k-colouring V1; V2; : : : ; Vk of a graph G there exists i, 16 i6 k, such that the
graph induced by the set Vi contains H as a subgraph. A graph G is called (H)k -vertex Ramsey minimal if G
v→ (H)k ,
but G′
v9 (H)k for any proper subgraph G′ of G. The class of (P3)k -vertex Ramsey minimal graphs is investigated.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
There are many generalizations of the classical Ramsey theory. One of them is to study partitions of the vertex set of
a graph instead of decompositions of its edge set. In this paper, we present a close relationship between vertex Ramsey
minimal graphs and minimal forbidden subgraphs of hereditary graph properties.
All graphs considered in this paper are simple, i.e. undirected, ;nite, without loops and multiple edges. In general, we
follow the notation of [5]. By the join of graphs G and H we mean the graph G+H such that V (G+H)=V (G)∪V (H)
and E(G +H) = E(G) ∪ E(H) ∪ {{x; y}: x∈V (G) and y∈V (H)}. For any set A ⊆ V (G) of a graph G, G − A denotes
the subgraph of G induced by the set V (G) \ A. If A= {v}, then we write G + v and G − v, respectively. GG denotes the
complement of a graph G. By Kn; Kn;m; Pn a complete graph, a complete bipartite graph and a path of order n will be
denoted. For technical reasons we consider the null graph K0 = (∅; ∅) to be a simple graph, also.
For any positive k, a k-colouring of a graph G = (V; E) is a mapping f of the vertex set V into the set {1; : : : ; k}
(the set of colours). A k-colouring f corresponds to a partition {V1; V2; : : : ; Vk} of the vertex set V (G) of G such that
Vi=f−1(i) (f=(V1; : : : ; Vk)). We write G
v→ (H1; : : : ; Hk), k¿ 1, if for each k-colouring f of G there exists i, 16 i6 k,
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such that the graph induced by f−1(i) contains Hi as a subgraph. We write G
v→ (H)k whenever H1 =H2 = · · ·=Hk =H .
A graph G is called (H)k -vertex Ramsey minimal if G v→ (H)k , but G′ v9 (H)k for any proper subgraph G′ of G.
A convenient language to formulate problems of graph colourings in a general setting is the language of properties of
graphs. A property of graphs P is any nonempty proper isomorphism closed subclass of simple graphs. Let P1; P2; : : : ;Pk
be properties of graphs. A graph G is vertex (P1; P2; : : : ;Pk)-colourable if the vertex set V (G) of G can be partitioned
into k sets V1; V2; : : : ; Vk (i.e. there is a k-colouring f) such that the subgraph G[Vi] of G induced by Vi belongs to
Pi, i = 1; 2; : : : ; k. In the case P1 = P2 = · · · = Pk = P we write P1 ◦ P2 ◦ · · · ◦ Pk = Pk and we say that G ∈Pk is
(P; k)-colourable. Let us denote by O the class of all edgeless graphs, then a graph G has a regular k-colouring if and
only if G ∈Ok . It turned out that the natural requirement for the properties to generalize the regular colouring is to be
hereditary (closed under taking subgraphs) and additive (closed under disjoint union of graphs). The detailed notations,
basic results and many examples of additive hereditary properties may be found in [2,3] (see also [5]).
If P is a hereditary property, then the set of minimal forbidden subgraphs of P is de;ned as follows:
F(P) = {G: G ∈ P but each proper subgraph H of G belongs to P}:
Every additive hereditary property P is uniquely determined by the set of connected minimal forbidden subgraphs. Note
that F(P) may be ;nite or in;nite. For an arbitrary hereditary property there exists a number c(P), called the completeness
of P de;ned in the following way: c(P) =max{k: Kk+1 ∈P}. For the class Ok of all k-colourable graphs the set F(Ok)
consists of all (k + 1)-edge critical graphs. A long standing open problem whether the family F(Pk) may be ;nite for
k¿ 2 was solved by A. Berger for an additive hereditary property P. She recently proved in [1] that F(Pk) is in;nite
whenever k¿ 2. For a property P with F(P)= {H}, F(Pk) is identical with the set of all (H)k -vertex Ramsey minimal
graphs. This sheds some new light on the old Ramsey questions. In the language of the Vertex Ramsey Theory, Berger’s
result asserts that the family of vertex Ramsey minimal graphs for multiple colours (at least two colours) is in;nite for
each connected, ;xed H .
In this paper we will investigate the property
On = {G ∈I: each component of G has at most n+ 1 vertices}:
It is easy to see that the property On is the smallest property of completeness n and the set of minimal forbidden subgraphs
for On consists of all trees on n+2 vertices. In Section 2, we will construct minimal forbidden subgraphs for the property
Okn ; k¿ 2. Since P3 is the only minimal forbidden subgraph for the class O1, it follows that F(O
k
1 ) is exactly the class of
(P3)k -vertex Ramsey minimal graphs. This class will be discussed in Section 3. Our constructions are partially inspired
by the idea of Toft [9] and Haj.os [5].
2. Minimal forbidden subgraphs
The following results come from the dissertation [6]. In [6] we constructed graphs in F(O2n ) of order p for p¿ 2(n+
1)+1, so it follows from Theorem 1 below that, for every n¿ 0 and k¿ 2 there exists a graph in F(Okn ) of order p for
p¿ k(n+1)+1. In F(O2n ) there is only one graph of minimum order, namely the graph K2;2 +K1, but for n¿ 2 it seems
diOcult to characterize all graphs of minimum order in F(O2n ). Examples of such graphs are Kn+1; n+1+K1; (n+1)K1; n+1+K1
as well as T + Kn+1, for every tree T of order n+ 2.
Theorem 1. Let k¿ 0; n¿ 1. Then H ∈F(Okn ) if and only if (H + GKn+1)∈F(Ok+1n ).
Proof. Let us point out that the theorem holds for k=0 because F(O0n )={K1}. Let us denote by G the graph (H + GKn+1)
and let R= G − V (H).
(⇒) Suppose G = (H + GKn+1)∈Ok+1n and let f = (V1; : : : ; Vk+1) be an (On; k + 1)-colouring of the graph G. Put
Ui = Vi ∩ V (R) and Wi = Vi ∩ V (H); 16 i6 k + 1:
Suppose exactly m of the Ui, say U1; U2; : : : ; Um are nonempty. Then the subgraph of G induced by Vi is connected,
for i=1; 2; : : : ; m and hence |Vi|6 n+1 for i=1; 2; : : : ; m. Now |Wi|= |Vi| − |Ui| and hence ∑mi=1 |Wi|6
∑m
i=1 (n+1)−∑m
i=1 |Ui|= m(n+ 1)− (n+ 1) = (m− 1)(n+ 1).
Thus H
[⋃m
i=1 Wi
]∈Om−1n and H
[⋃k+1
i=m+1 Wi
]
∈Ok+1−mn . However then H ∈Okn , contradicting H ∈F(Okn ).
Now let e be any edge of G = H + GKn+1. If e∈E(H), then (H − e)∈Okn . Since R∈O1n , it follows that G − e∈Ok+1n .
If e ∈ E(H), then e = {u; z}, where u∈V (R) and z ∈V (H). In this case (H − z)∈Okn and (R + z − e)∈O1n ; hence
G − e∈Ok+1n .
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(⇐) Let G ∈F(Ok+1n ). If H ∈Okn then, since GKn+1 ∈O1n , we would have H + GKn+1 ∈Ok+1n , contradicting our assumption
that G ∈F(Ok+1n ). The proof will be completed by showing that (H − e)∈Okn for every e∈E(H). Since ((H − e)+
GKn+1) = ((H + GKn+1) − e)∈Ok+1n , let f = (V1; : : : ; Vk+1) be a (On; k + 1)-colouring of a graph (H − e) + GKn+1. By the
same computation as in the ;rst part of the proof, we obtain that
∑m
i=1 |Vi ∩ V (H − e)|6 (m − 1)(n + 1), where m
is the number of colours used in the colouring of V (R). Consequently, there exists a (On; k)-colouring of the graph
H − e.
The next theorem gives another, more general, construction of minimal forbidden subgraphs for the property Okn (recall
that K1; n+1 ∈F(On)).
Theorem 2. Let P be any hereditary property such that F(P) contains a star K1; n+1; k¿ 0; n¿ 1. If H ∈F(Pk), then
G = ((n+ 1)H + K1)∈F(Pk+1).
Proof. Let us denote the vertex of K1 by z and the connected components of G− z isomorphic to H by H1; H2; : : : ; Hn+1.
The graph G is (P; k + 2) colourable since we can use the same k + 1 colours for each Hj and a new colour for z.
However G is not (P; k + 1)-colourable since in any (P; k + 1)-colouring of Hj all k + 1 colours are used, thus a star
K1; n+1 should appear in the colour assigned to the vertex z. The rest of the proof follows the same way as for Theorem 1
by the fact, that if Hj ∈F(Pk), then there is a (P; k + 1)-colouring of Hj such that exactly one vertex of Hj has a
prescribed colour.
3. (P3)k-vertex-Ramsey minimal graphs
In this section we investigate the class F(Ok1 ) which, as explained in Section 1, is the class of (P3)
k -vertex Ramsey
minimal graphs. For convenience, throughout this section, we call an (O1; k)-colouring a proper k-colouring.
The theorem below is proved in [4].
Theorem 3. H ∈F(Ok1 ) and |V (H)|= 2k + 1; k¿ 1, if and only if H = K2k+1 − kK2.
For the next theorem we need the following tools.
Lemma 4. Let k; l¿ 0, G1; G2 ∈ Ok1 , H ∈ Ol1. Then ((G1 ∪ G2) + H) ∈ Ok+l+11 :
Proof. Let G=G1 ∪G2 and assume that G1 has at least as many vertices as G2. Suppose (G+H)∈Ok+l+11 . Then G+H
has a proper (k + l+ 1)-colouring f such that every colour appearing in G2 also appears in either G1 or H .
Now denote by ri the number of colours that appear in both H and Gi; i = 1; 2;
rH the number of colours that appear only in H ,
rG the number of colours that appear only in G,
x the number of colours that appear only in G1.
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Then we get the four inequalities below:
rG + rH + r1 + r2 + x6 k + l+ 1;
rH +
⌈ r1 + r2
2
⌉
¿ l+ 1;
rG +
⌈ r1
2
⌉
+ x¿ k + 1;
rG +
⌈ r2
2
⌉
¿ k + 1:
The second inequality follows from the fact that if a vertex of H and a vertex of G have the same colour, then they are the
only two vertices in G+H with that colour. Hence, there are r1 + r2 vertices in H that are coloured with r1 + r2 diPerent
colours. By recolouring those vertices with (r1 + r2)=2 colours, we obtain a proper colouring of H in rH + (r1 + r2)=2
colours. The proof of the third and fourth inequalities are similar.
Actually, the main subject of our interest is deduced arrangement of inequalities. By the second and the third inequalities
rG+rH +x+r1=2+(r1+r2)=2¿ k+l+2. The ;rst inequality implies rG+rH +x6 k+l+1−r1−r2. Combining these,
we deduce that (r1 + r2)=2+ r1=2¿ r1 + r2 + 1. Thus, we shall consider four cases: (r1; r2)∈{(2m; 2n); (2m; 2n+ 1);
(2m+1; 2n); (2m+1; 2n+1)}; m; n∈N ∪{0}. Clearly, the only possibility is r2 =0 and r1 is odd. By the fourth inequality
we have rG¿ k+1, and using the ;rst inequality we can assert that r1 + rH + x6 l. This contradicts H ∈ Ol1, completing
the proof.
Lemma 5. Let k; l¿ 0; G ∈ Ok1 ; H ∈ Ol1, and (G+H)∈Ok+l+11 . Then there exist vertices u∈V (G); v∈V (H) such that
(G − u)∈Ok1 and (H − v)∈Ol1.
Proof. Let f be a (k+ l+1)-colouring of G+H . Let rG be the number of colours that appear only in G, rH the number
of colours that appear only in H and r the number of colours that appear in both G and H . Obviously, r¿ 1.
By using similar arguments as in Lemma 4, we obtain the following inequalities:
rG + rH + r6 k + l+ 1;
rH +
⌈ r
2
⌉
¿ l+ 1;
rG +
⌈ r
2
⌉
¿ k + 1:
The second and the third inequalities imply that rG+ rH +2r=2¿ k+ l+2. Taking the ;rst inequality into consideration
we have 2r=2¿ r + 1, which is impossible for even r. Hence, it is evident that r is odd. The requirement that r is
odd, and the second and the third inequalities yield that rG + rH + r¿ k + l+ 1. Adding the ;rst inequality we conclude
rH + r=2= l+ 1 and rG + r=2= k + 1. Let u be any one of the r vertices in G that shares a colour with a vertex in
H . Then, in G− u there are r− 1 vertices that are coloured with r− 1 diPerent colours. These vertices can be recoloured
with (r−1)=2 colours to obtain a proper colouring of G in (r−1)=2+ rG colours. But (r−1)=2+ rG = rG + r=2−1= k.
Hence G − u∈Ok1 . Similarly, we can show that there is a vertex v in H such that H − v∈Ol1.
Let us denote by c(G) the number of components of a graph G.
Theorem 6. Let G be a disconnected graph. Then H + G ∈F(Os1) if and only if G = G1 ∪ G2, c(G1) = c(G2) = 1, and
there exists k¿ 0 such that G1; G2 ∈F(Ok1 ), and H ∈F(Os−k−11 ).
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Proof. (⇐) Let l= s− k − 1. By Lemma 4 ((G1 ∪ G2) + H) ∈ Os1. We only need to show that ((H + G)− e)∈Os1 for
every e∈E(H + G). We consider three cases.
1. If e∈E(G1), then for every z ∈V (G2) we have (G1−e)∈Ok1 , and (G2−z)∈Ok1 . Theorem 1 implies that (H+z)∈Ol+11 .
Hence (((G1 ∪ G2) + H)− e) = (((G1 − e) ∪ G2) + H) ⊆ (((G1 − e) ∪ (G2 − z)) + (H + z))∈Ok+l+11 = Os1. The proof
for e∈E(G2) is similar.
2. Without loss of generality we can assume that v∈ e, v∈V (G1) in the case e∈ (E(G+H)−E(G∪H)). Let z ∈V (G2),
e1 = {z; v}, and H ′ = (((H + z) + v) − e1). By Theorem 1 (H + 2K1)∈F(Ol+11 ). Hence (H ′ − e)∈Ol+11 , and
(G1 − v); (G2 − z)∈Ok1 . Consequently, (((G1 ∪ G2) + H)− e) ⊆ (((G1 − v) ∪ (G2 − z)) + (H ′ − e))∈Os1.
3. If e∈E(H), then (G1 − v); (G2 − z)∈Ok1 for every v∈V (G1); z ∈V (G2), e1 = {z; v}. Theorem 1 implies that
((((H + z) + v)− e1)− e)∈Ol+11 . Hence, analogously to 2. (((G1 ∪ G2) + H)− e)∈Os1.
(⇒) Let l = max{m: H ∈ Om1 }. Such a number l exists, because H ⊆ ((G + H) − v)∈Os1 for every v∈V (G). Let
k = s − l − 1, and c(G) = n¿ 2. Without loss of generality we can assume that G = ⋃ni=1 Gi, where G1; : : : ; Gr ∈Ok1 ,
Gr+1; : : : ; Gn ∈ Ok1 ; 06 r6 n.
Now, we show that according to our assumptions r = n.
1. If 06 r ¡n − 1, then Lemma 4 and the fact that H ∈ Ol1 imply ((Gn−1 ∪ Gn) + H) ∈ Ok+l+11 = Os1. Since ((Gn−1 ∪
Gn) + H) ⊆ ((G + H)− v) for every vertex v∈V (G1), then also ((G + H)− v) ∈ Os1, for v∈V (G). This contradicts
our assumption (G + H)∈F(Os1).
2. If r = n − 1, then the fact that ((G + H) − v)∈Os1 for every v∈V (G1) implies that (Gn + H)∈Os1 as a subgraph of
the graph ((G+H)− v). Thus by Lemma 5 there exist vertices u∈V (Gn), and v∈V (H) such that (Gn− u)∈Ok1 , and
(H − v)∈Ol1. Hence (G+H) ⊆ (((G−Gn)+ (Gn− u)+ (H − v)+ u)+ v)∈Ok+l+11 =Os1, contrary to (G+H)∈F(Os1).
Thus G1; : : : ; Gn ∈Ok1 . Since H ∈Ol+11 , then (G + H)∈Os1, in contradiction to our assumption. Hence evidently c(G) =
2; G = G1 ∪ G2.
Notice, that G1; G2 ∈ Ok1 for numbers k; l de;ned as above. Indeed, if G1; G2 ∈Ok1 , then ((G1 ∪ G2) + H)∈Os1, a
contradiction. Without loss of generality we can consider the situation G1 ∈Ok1 and G2 ∈ Ok1 , and similarly to 2 we obtain
a contradiction.
Now, we shall prove the minimality of G1; G2. If G1; G2 are edgeless graphs, then Gi ∈F(O01 ) = {K1}; i = 1; 2, and
the result follows by an application of Theorem 1. If k = 0, then suppose that there exists an edge e∈E(G1) such that
(G1− e) ∈ Ok1 . Since G2 ∈ Ok1 then by Lemma 4 we obtain that (((G1− e)∪G2)+H) ∈ Ok+l+11 =Os1. But this contradicts
the fact that (((G1− e)∪G2)+H)= (((G1 ∪G2)+H)− e)∈Os1. Analogously we can prove the minimality of G2. Hence
G1; G2 ∈F(Ok1 ).
We know that H ∈ Ol1 (by the choice of l). If H is an edgeless graph, then H ∈F(O01 ). If l = 0, then suppose, contrary
to the minimality of H , that there exists an edge e∈E(H) such that (H − e) ∈ Ol1. In this case Lemma 4 and the fact
that G1; G2 ∈ Ok1 yield (((G1 ∪ G2) + H)− e) ∈ Ok+l+11 = Os1. This contradicts (G + H)∈F(Os1). Hence H ∈F(Ol1).
Note, that Theorem 6 gives a generalization of the special case of Theorem 1 (n=1), in the case G1; G2 ∈F(O01 )={K1}.
Besides, it includes the trivial case G1; G2; H ∈F(O01 ).
By Theorems 1 and 6 we have the possibility to generate elements of the family F(Ok+11 ) using elements of the family
F(Ok1 ).
For ;xed k we shall now construct graphs in the family F(Ok1 ) from graphs of smaller order in the same family.
Consider two disjoint graphs G1; G2 and for i = 1; 2; let ui and vi be any two adjacent vertices in Gi. Let G be the
graph obtained from G1 and G2 by identifying the two vertices v1 and v2 to a single vertex v, then deleting the edges
ei = {ui; vi}; i = 1; 2 and adding the edge {u1; u2}. Then G is called a conjunction of G1 and G2 (see [8]).
Haj.os showed that if G1; G2 ∈F(Ok), then every conjunction of G1 and G2 is also in F(Ok). We shall now give suOcient
conditions for a conjunction of two graphs in F(Ok1 ) to be in F(O
k
1 ).
Let us denote by f˜(A) the set of values of the mapping f taken over all elements of the set A.
Theorem 7. Suppose G1; G2 ∈F(Ok1 ) and G is a conjunction of G1 and G2 with ui; vi and ei as in the construction above.
Then G ∈F(Ok1 ) if there exist proper k-colourings fi; gi of Gi − ei for i = 1; 2 such that the following conditions hold:
(i) fi(ui) ∈ f˜i(NGi−ei (ui)),
(ii) gi(vi) ∈ g˜i(NGi−ei (vi)).
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Proof. Suppose G has a proper k-colouring f. Then f(u1) = f(v) = f(u2), otherwise G1 or G2 would have a proper
k-colouring. Therefore, since {u1; u2}∈E(G), it follows that f(ui) ∈ f˜(NGi−ei (ui)), for i=1; 2. Now if f(v) ∈ f˜(NG1−e1 (v)),
then G1 has a proper k-colouring. But if f(v)∈ f˜(NG1−e1 (v)), then f(v) ∈ f˜(NG2−e2 (v)), and then G2 has a proper
k-colouring. This contradiction proves that G ∈ Ok1 .
Now, we shall prove that (G − e)∈Ok1 for every e∈E(G).
If e = {u1; u2}, then we simultaneously use g1 and any proper k-colouring f of (G2 − e2) such that f(v2) = g1(v1).
If e∈E(G1) − {e1}, then we consider two cases for any proper k-colouring g of (G1 − e). In the case g(u1) = g(v1)
we simultaneously use g and g2, such that g2(v2) = g(v1). Similarly, in the case g(u1) = g(v1) we simultaneously use g
and f2, such that f2(v2) = g(v1).
The proof for the case e∈E(G2)− {e2} is similar.
Note that Theorem 7 gives suOcient conditions for a conjunction of two graphs belonging to F(Ok1 ) to be in F(O
k
1 ), but
the conditions are not necessary. For example, the graph below belongs to F(O21 ) and it is a conjunction of two copies
of a graph H , but H has no colouring f1 satisfying condition (i) of Theorem 7.
Theorem 8. Suppose G1; G2 ∈F(Ok1 ) and G is a conjunction of G1 and G2 with ui; vi and ei as in the construction. Then
G ∈F(Ok1 ) if for every i = 1; 2 and for every edge e∈E(Gi) − ei there exists a proper k-colouring f of (Gi − e) and
there exists a proper k-colouring fi of (Gi − ei) such that f(ui) = f(vi) and fi(vi) ∈ f˜ i(NGi−ei (vi)).
Proof. We can proceed similarly to the proof of Theorem 7, but without the last case.
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